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Bose-Einstein condensation of photons with nonlocal nonlinearity in a dye-doped
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We consider a microcavity made by a graded-index (GRIN) glass, doped by dye molecules, placed
within two planar mirrors and study Bose-Einstein condensation (BEC) of photons. The presence of
the mirrors leads to an effective photon mass, and the index grading provides an effective trapping
frequency; the photon gas becomes formally equivalent to a two dimensional Bose gas trapped in
an isotropic harmonic potential. The inclusion of nonlinear effects provides an effective interaction
between photons. We discuss, in particular, thermal lensing effects and nonlocal nonlinearity, and
quantitatively compare our results with the reported experimental data.
PACS numbers: 42.65.Tg,42.50.Ct,67.90.+z,05.30.Jp
I. INTRODUCTION
An experiment reported in 2010 [1–3] demonstrated
BEC of photons, and was realized by using a dye-filled
optical microcavity. The microcavity affects the photon
energy-momentum relation with respect to free space and
introduces an effective photon mass, thus creating the
conditions for the BEC.
Jan Klaers et. al. [3] showed this property in a system
made up of two spherical mirrors placed at a distance
D0 measured on the optical axis. If R is the radius of
curvature of the mirrors and r = |r| =
√
x2 + y2 is the
distance from the optical axis (on the xy plane) one can
verify that the energy-momentum relation in the paraxial
approximation reads as
E(k, r) ≃ mc
2
n20
+
~
2
k
2
r
2m
+
1
2
mΩ2r2 − mc
2
n30
n2I(r) , (1)
where kr is the transverse wavenumber, n0 is the index
of refraction, m is the effective photon mass, c is the
speed of light in free space, Ω is the effective trapping
frequency, and the last term arises from the optical Kerr
effect. The effective photons mass m and the effective
trapping frequency Ω are
m =
~πqn0
cD0
Ω =
c
n0
√
2
D0R
. (2)
In [3] the distance between the two mirrors was D0 ≃
1.46µm, and the corresponding free spectral range was of
order 1014Hz and comparable with the spectral linewidth
of the dye. Only one longitudinal mode with order q = 7
was within the dye spectral linewidth, actually freezing
out a degree of freedom [4, 5]. In this configuration the
photons gas can be treated as a two dimensional Bose
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gas trapped in an isotropic harmonic potential, being the
longitudinal mode number fixed, and neglecting the non-
linear term, Eq. (1) may be interpreted as the Hamilto-
nian of a two dimensional harmonic oscillator with energy
spectrum
ǫrs =
mc2
n20
+ ~Ω (r + s+ 1) , (3)
where r and s are two non-negative integer numbers.
For such a system, BEC is expected to occur following
the previous investigations [6–10] in ultra-cold trapped
atoms. The realization of the experiment has opened
new perspectives in the field of photonics, including novel
theoretical investigations [11–15] as well as new experi-
mental proposals [16].
A signature of the photon BEC is the appearance of
the condensate peak (photons massively occupying the
ground TEM00 mode) over the much broader underly-
ing thermal component (photons emitted by fluorescence
over all the other possible modes sustained by the cav-
ity). This phase transition was found to occur at the
critical number of photons expected for a BEC.
In [3] by measuring the condensate diameter as a func-
tion of the number of photons on the ground mode (con-
densate fraction) a broadening of the condensate diame-
ter was observed and ascribed to a repulsive interaction
between photons. This was explained by the nonlinear-
ity arising from a thermo-optical effect, such as thermal
lensing, and modelled by the Gross-Pitaevskii equation
(GPE) with the assumption of a contact, or local, inter-
action.
In this work, we theoretically and numerically study
the BEC of photons including a finite degree of nonlo-
cality. Instead of considering a bispherical microcavity
we make reference to a graded index medium sketched
in Fig. 1. This configuration is equivalent to considering
the case of [3], but has the advantage of a more direct
derivation of the BEC formalism and indicates an alter-
native experimental configuration.
Another interesting feature for the GRIN case is the
fact that the thermal nonlocality can be either focusing
2FIG. 1. (Color online) Scheme of the graded-index (GRIN)
microcavity, a dye-doped GRIN lens is placed between two
planar mirrors (M1 and M2).
or defocusing, thus opening the possibility for a variety
of fundamental studies. The nonlocal response of the
medium is actually a natural effect when thermal or dif-
fusive type of nonlinearity are considered [17] in optical
systems. In the case of BEC in ultra-cold trapped atoms
the local form of the interaction potential is considered in
many cases of interest [18], however nonlocality between
atoms has to be included when a finite-range interaction
is taken into account [19–21].
It is interesting to observe that nonlocal effect for BEC
of photons may be more relevant with respect to standard
ultra-cold atomic clouds because of the different origin of
the nonlinearity.
For the sake of completeness we first review below
the local case, and validate the nonlocal generalization
by comparison with experimental data. The analysis is
made with reference to a GRIN microcavity which we
propose as an alternative setup for the BEC of photons,
but also holds for the case in Ref. [3].
This manuscript is organised as follows: in Section II
we discuss the photon wave function in the absence of
nonlinearity, and in Section III we introduce the effects of
nonlinearity. In Section IV, for the sake of completeness,
we review the analysis with local nonlinarity. In Section
V we discuss the nonlocal nonlinearity and compare with
the reported experimental results. Conclusions are drawn
in Section VI.
II. PHOTONS IN A GRIN CAVITY
We consider a microcavity made by a quadratic-index
glass doped with dye molecules placed between two pla-
nar mirrors separated by a distance D. Let z be the
longitudinal direction; the index of refraction is written
as
n(r) = n0 − 1
2
n2,Lr
2 , (4)
where n2,L > 0. We assume the index of refraction to
vary only in the transverse (x, y) directions, we have
n2(r) ≃ n20 − n0n2,L
(
x2 + y2
)
. (5)
The Helmholtz equation in a GRIN medium [22] can be
written as [∇2 + k20n2(x, y)]E(x, y, z) = 0 , (6)
where k0 = 2π/λ is the wave vector in free space; one
can assume the field propagating along the z axis so that
its dependence on z is given by a factor exp(iβz), where
β is the propagation constant. Equation (6) becomes[
∂2
∂x2
+
∂2
∂y2
− k20n0n2,L
(
x2 + y2
)]
E(x, y)
=
(
β2 − k20n20
)
E(x, y) , (7)
and by introducing the following quantities
ξ =
(
n0n2,Lk
2
0
)1/4
u = ξx v = ξy Λ =
k20n
2
0 − β2
2ξ2
,
(8)
equation (7) can be recast in the form[
−1
2
(
∂2
∂u2
+
∂2
∂v2
)
+
1
2
(
u2 + v2
)]
E(u, v) = ΛE(u, v) ,
(9)
which is formally the Schro¨dinger equation for a two-
dimensional harmonic oscillator. This scheme is well
known to yield the Hermite-Gauss modes, and the dis-
crete set of values of the propagation constant is found
to be in the paraxial approximation
βrs ≃ k0n0 −
√
n2,L
n0
(r + s+ 1) , (10)
where r and s are two non-negative integer numbers. Be-
ing the GRIN medium placed within a planar-mirror res-
onator there is another condition that has to be consid-
ered: in a round-trip, the change of phase must be 2πq,
where q is an integer number, and then this forces β to
be in turn discretized as (q = 1, 2, ...)
βq =
πq
D
. (11)
By writing k0 = ǫ/~c one can obtain the energy spectrum
of the photon inside the GRIN cavity
ǫqrs =
~cπq
n0D
+
~c
n0
√
n2,L
n0
(r + s+ 1) , (12)
which can be rewritten by introducing an effective photon
mass m and an effective trapping frequency Ω
m =
~πqn0
cD
Ω =
c
n0
√
n2,L
n0
, (13)
3and then equation (12) becomes
ǫqrs =
mc2
n20
+ ~Ω(r + s+ 1) . (14)
Therefore, the photons gas becomes formally equivalent
to a two dimensional Bose gas trapped in an isotropic
harmonic potential, for which BEC is expected to oc-
cur. The energy spectrum given by (14) is as in Eq. (3)
with the same definition of the mass and with a trapping
frequency that in this case depends n2,L rather than on
the curvature of the mirrors. As usual, the longitudinal
mode number can be fixed by selecting a single longitu-
dinal mode, hence the mass is a constant quantity and
the energy spectrum (14) becomes independent of q.
The characteristic length scale of the modes is ξ−1. For
the ground mode (r, s = 0) this corresponds to the char-
acteristic length scale of the harmonic oscillator
√
~/mΩ,
as can be verified by using the definition of the effective
photon mass mc2/n20 = hν0, where ν0 is the cutoff fre-
quency, and by using Eq. (13). The condensate diameter
measured with the full width half maximum (FWHM) is
d = 2
√
~ log(2)/mΩ. A possible way to estimate the
value of n2,L needed to fit the Klaers’ et. al. data is by
requiring the condensate spot diameter
d =
(
2 log(2)λ
π
√
n0n2,L
)1/2
(15)
is the same measured in the experiment, being λ the cut-
off wavelength, which gives n2,L ≃ 1.3× 106m−2, where
n0 = 1.33, ν0 = 506THz and d = 14µm were used; this
value gives a trapping frequency Ω/2π ≃ 3.5 × 1010Hz.
The GRIN medium could be an alternative setup for
Bose-Einstein condensation of photons; here, in partic-
ular, we considered the behaviour of the photons gas
without including an effective interaction between pho-
tons. The role of nonlinearity is discussed in detail in the
following sections.
III. NONLINEAR EFFECTS IN BEC OF
PHOTONS
In the experiments in [3] the broadening of the con-
densate diameter was ascribed to the nonlinearity due to
thermal effects inside the cavity. The nonlinear refractive
index perturbation, treated as a self-interaction term be-
tween photons, was written as ∆n = n2I(r), in a local
form such that the variation of the refractive index in a
point r is determined by the optical intensity in the same
point.
The thermo-optical effect can be discussed as follows
[23–25]: the electric field inside the cavity has a spatial
extent W , and the intensity heats up the medium in-
side the cavity causing a non zero temperature variation
∆T between the center of the optical cavity, where the
temperature reaches its maximum, and the outer space,
FIG. 2. (Color online) Scheme of the GRIN microcavity in
presence of thermal effects: the massively occupied ground
mode field (TEM00) heats up the medium in the vicinity of the
optical axis causing a non-zero temperature gradient between
the centre of the cavity and the outer space.
where temperature is kept constant to a value T0, e.g.
room temperature. The temperature gradient causes a
change of the index of refraction which, for small ∆T ,
can be written as
∆n0 =
∂n0
∂T
∆T . (16)
The beam inside the cavity behaves like a heat source,
and in the stationary regime ∆T obeys the transport
equation
−κ∇2 (∆T ) = αI(r) = αn0
2Z0
|E(r)|2 , (17)
where I(r) is the beam intensity, κ is the thermal con-
ductivity, Z0 is the impedance of free space and α is the
absorption coefficient. The solution to Eq. (17) is
∆T (r) =
∫
dr′G (r− r′ ) |E (r′ )|2 , (18)
where G (r− r′ ) is the Green’s function, and its form
depends on the geometry of the specific device and on the
boundary conditions. Equation (18) in general furnishes
the nonlocal dependence of the temperature gradient on
the field E(r).
The variation of the index of refraction is then
∆n0 =
∂n0
∂T
∫
dr′G (r− r′ ) |E (r′ )|2 . (19)
The variation of the index of refraction is always nega-
tive for gaseous and liquid materials [26], whilst it can
either negative or positive for solids, depending on their
properties (see, e.g., [27]). This suggests that the index
4of refraction in the GRIN medium can be then written
in the form
n(r) = n0 − 1
2
n2,Lr
2 +
∫
dr′K (r− r′ ) |E (r′ )|2 , (20)
where the integral kernel K(r) in (20) is related to the
Green function G(r) in (18). The presence of a nonlocal
nonlinearity in the index of refraction leads to the equa-
tion for the transverse electric field, which is formally the
nonlocal Gross-Pitaevskii equation with an harmonic ex-
ternal potential. A similar study, however in a different
context, was developed in [28–30] regarding solitons in
nonlocal nonlinear media, and in [31] for thermal non-
local self effects of wave beams in plasma. The nonlocal
term in (20) plays the role of the interaction term beyond
the typically adopted contact interaction approximation.
By assuming a specific form of the Green function in (18)
and by taking the electric field distribution as the ground
mode one I(r) = I0 exp(−r2/W 2), the integral (18) can
be carried out directly, leading to an explicit expression
for the temperature gradient. A possible model is the
one proposed by Gordon et. al [23, 32] where the tem-
perature gradient (18) was found by assuming a infinite
cylindrically symmetric medium with no convection.
IV. LOCAL NONLINEARITY
APPROXIMATION
We start considering a local response of the medium in
Eq. (20)
K (r− r′ ) = 1
2
n2,NL δ (r− r′ ) , (21)
which gives the expression for the index of refraction
n(r) = n0 − 1
2
n2
(
x2 + y2
)
+
1
2
n2,NL|E(r)|2 . (22)
The wave equation in the GRIN medium with the local
nonlinearity then becomes[
∇2⊥ − k20n0n2,Lr2 + k20n0n2,NL|E(x, y)|2
]
E(x, y)
=
(
β2 − n20k20
)
E(x, y) , (23)
where∇2⊥ =
2∑
i=1
∂2
∂x2i
and r indicates the two dimensional
spatial position. As above, the electric field in (23) was
assumed to be E(r) = E(x, y) exp(iβz). Here the electric
field is normalized such that
ε
2
∫
dr |E(r)|2 = E , (24)
being ε the dielectric constant and E the total energy
on the ground mode; the total energy per unit length is
related to the intensity distribution with
E
D
=
n0
c
∫
dxdy I(x, y) . (25)
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FIG. 3. (Color online) Shift of the condensate photon wave-
length as a function of the number of photons in the conden-
sate obtained by a numerical solution of the local 2D GPE
(red full line). The shift in the Thomas-Fermi limit (green
dotted line), obtained from (32), the shift for small nonlin-
earity obtained by the perturbative approach (violet dash-
dotted line) and the shift obtained by a variational calcula-
tion (blue dash-dotted line) are compared to the numerical
solution (g˜N = 7.5× 10
−4).
By means of (8) and by defining a dimensionless electric
field and a dimensionless coupling constant
E˜(u, v) =
√
εD
2ξ2E E(u, v) g˜ = −
k20n0n2,NLE
εD
, (26)
equation (23) can be rewritten as
[
−1
2
(
∂2
∂u2
+
∂2
∂v2
)
+
1
2
(
u2 + v2
)
+ g˜
∣∣∣E˜(u, v)∣∣∣2] E˜(u, v)
= ΛE˜(u, v) , (27)
which is formally equivalent to the time-independent
Gross-Pitaevskii equation. Here the dimensionless elec-
tric field in these units is normalized to unity:∫
dudv
∣∣∣E˜(u, v)∣∣∣2 = 1 . (28)
A. The Thomas-Fermi limit
We first review the limit of very dense photons cloud
therefore, by analogy with the same limit in atomic
clouds, the kinetic term can be neglected, and equation
(27) reduces to an algebraic equation for the transverse
part of the electric field, yielding
∣∣∣E˜(u, v)∣∣∣2 = 1
g˜
[
Λ− 1
2
(
u2 + v2
)]
θ
(
2Λ− u2 − v2) ,
(29)
where here θ(x) is the unit step function. The boundary
5is defined by the condition u2 + v2 = 2Λ. The normal-
ization condition of the dimensionless electric field gives
1
g˜
∫
dudv
[
Λ− 1
2
(
u2 + v2
)]
θ
(
2Λ− u2 − v2) = 1 ,
(30)
and turning to polar coordinates the integral can be car-
ried out directly; it yields, for a negative value of the
nonlinear index of refraction (repulsive interaction) the
only valid solution
Λ(E) =
√
g˜(E)
π
= k0
(
n0|n2,NL|
επD
)1/2√
E , (31)
since Λ must be always non-negative; since Λ is given by
the definition (8) one can obtain an algebraic expression
for k0 from which one can obtain the expression for the
frequency
νq(E) = qνFSR
[
n20 − 2n0
(
n2,L|n2,NL|
επD
)1/2√
E
]−1/2
,
(32)
where the discretization of β as in (11) was used; the
longitudinal mode number q can be fixed once a single
longitudinal mode is selected, hence the frequency of the
photons in the condensate depends only on the total en-
ergy (number of photons) on the ground mode. A vari-
ation of the population of the ground mode implies a
shift of the condensate photons frequency (32). When
the number of photons increases the frequency is blue-
shifted; conversely, if the number of photons decreases
the frequency is red-shifted.
The variation of the condensate wavelength as a func-
tion of the number of photons obtained from (32) is
shown in Fig. 3; for a condensate occupation up to
N0 ∼ 105 the predicted shift of the condensate photon
wavelength is of order 0.1 nm. For a small nonlinarity
Eq. (32) becomes
νq(E) ≃ qνFSR
n0
[
1 +
1
n0
(
n2,L|n2,NL|
επD
)1/2√
E
]
, (33)
or, equivalently, in terms of the energy
ǫq(E) ≃ mc
2
n20
[
1 +
1
n0
(
n2,L|n2,NL|
επD
)1/2√
E
]
, (34)
where Eq. (13) was used. In Eq. (26) it is useful to make
explicit the dependence on the number of photons of the
ground mode by writing
g˜ = g˜NN0 , (35)
which is actually the relevant parameter. The Thomas-
Fermi limit is a good approximation when g˜NN0 ≫ 1.
The FWHM is found to be given by
d = 2
( |n2,NL|E
n2,LεπD
)1/4
= 2
√
~
mΩ
√
π
(g˜NN0)
1/4
. (36)
This power law was also discussed in [3].
An estimation of the nonlinear index of refraction can
be done [33] by assuming that for thermal effects one
usually has n
(I)
2 ∼ (10−14 ÷ 10−11)m2/W, with ∆n =
n
(I)
2 I and
|n2,NL| = n
(I)
2 n0
Z0
≃ (10−17 ÷ 10−14)m2/V2 , (37)
where Z0 is the vacuum impedance. A condensate with
d ≃ 32µm and N0 ≃ 5× 105 corresponds to [Eq. (36)]
|n2,NL| ≃ 3.8× 10−16m2/V2 ,
which is consistent with the estimation done in (37).
With the parameters above, the approximated value of
the dimensionless coupling constant is
g˜N = −m
3c4n2,NL
n50~
2εD
≃ 8.24× 10−4 , (38)
in agreement with the value found in the experiment [3].
Note that with the values here chosen the approximation
given by (34) is valid also for N0 ∼ 108.
It is useful to write the GP equation in the form com-
monly adopted in BEC introducing a condensate wave
function ψ(r) which is
ψ(r) =
√
n20εD
2mc2N0
E(r) , (39)
normalized such that∫
dr |ψ(r)|2 = 1 , (40)
and letting
g˜N = −m
3c4n2,NL
~2n50εD
, (41)
as in (38). We have from Eq. (27)[
− ~
2
2m
∇2⊥ +
1
2
mΩ2r2⊥ +
~
2
m
g˜NN0|ψ(r)|2
]
ψ(r) = µψ(r) ,
(42)
where ∇2⊥ =
∂2
∂x2
+
∂2
∂y2
and r2⊥ = x
2+y2; the “chemical
potential” is defined by
µ = ~ΩΛ . (43)
One might be interested in comparing the quantities here
defined with Ref. [3]. The optical Kerr effect is described
by
n(r) = n0 + n2I(r) = n0 +
1
2
n2,NL|E(r)|2 , (44)
where n2,NL = n0n2/Z0. The dimensionless coupling
constant is related to the round trip time τrt = 2Dn0/c
and
I(r) =
2mc2
n20τrt
N0|ψ(r)|2 g˜N = −2m
3c4n2
~2n50τrt
. (45)
6B. Small coupling constant
For small values of the dimensionless coupling constant
g˜NN0 ≪ 1 time-independent non-degenerate perturba-
tion theory furnishes the effect of the nonlinearity in the
condensate photon frequency and ground mode. A re-
lated approach can be found in [34]. In the unperturbed
case for the ground mode one has Λ = 1, and the first
order correction can be found with
Λ(E) = 1 + g˜V0 , (46)
where the first order correction is given by
V0 =
∫
dudv
∣∣∣E˜0(u, v)∣∣∣4 = 1
2π
, (47)
and the dimensionless ground state is
E˜0(u, v) =
1√
π
exp
(
−u
2 + v2
2
)
, (48)
and then one has
Λ(E) = 1 + g˜
2π
. (49)
By using (8) and (26) and for small nonlinearity
β ≃ k0n0 −
√
n2,L
n0
+
k20n2,NLE√n0n2,L
2επD
. (50)
Expression (50) can be written in terms of the frequencies
by using (11), and by defining
B(E) = n2,NL
cεD
√
n2,L
n0
E ν0 = q νFSR
n0
+
Ω
2π
, (51)
being Ω the effective trapping frequency defined by (13),
and note that here ν0 is the ground mode frequency in
the unperturbed case. For small nonlinearity one has
νq(E) ≃ ν0 − 1
2
ν20B(E) , (52)
and this tends to ν0 in the limit B → 0 (i.e. g˜ → 0).
The effect a of small nonlinear term gives a blue shift in
the ground mode frequency, being g˜ > 0. From (52) the
predicted shift is of the order of 10−3 nm. By defining a
nonlinear frequency
ΩNL(E) = −πν20B(E) = −
πn2,NLν
2
0E
cεD
√
n2,L
n0
, (53)
one eventually obtains from (52) and (13)
ǫq(E) = mc
2
n20
+ ~Ω + ~ΩNL(E) , (54)
and the nonlinear frequency scales linearly with the non-
linear term, causing a shift in the condensate energy.
One can make an estimation of the ground mode elec-
tric field by using the first order correction to the un-
perturbed modes; by using the cylindrical symmetry it is
convenient to perform the expansion using the Laguerre-
Gauss modes, which are (l > 0)
E˜ml(ρ, θ) =
√
m!
π Γ (m+ l + 1)
ρl L(l)m
(
ρ2
)
e−ρ
2/2+ilθ ,
(55)
where Γ(x) is the gamma function. The total ground
mode electric field is then
E˜(ρ, θ) = E˜0(ρ, θ)− g˜
∑
m,l
Vml
2m+ l
E˜ml(ρ, θ) , (56)
where the summation is performed with the constraint
that m and l are not simultaneously equal to zero (i.e.
the summation takes into account all the Laguerre-Gauss
modes except the zero order). The expansion coefficients
are
Vml =
∫
dρdθ ρ
[
E˜0(ρ, θ)
]3
E˜ml(ρ, θ) , (57)
and by performing the integration with respect to θ we
find
Vml = δl0
2
π
m∑
k=0
(−1)km!
k! (m− k)! 2k+2 , (58)
where we used the explicit expression of Laguerre poly-
nomials [35].
The condensate wave function slightly deviates from
a Gaussian, in particular, for g˜ > 0, the ground mode
wave function (always normalized to unity) decreases its
peak and broadens, as expected from a repulsive inter-
action. The perturbative regime remains valid provided
that g˜NN0 is sufficiently smaller than unity; with the
estimated value of g˜N one could conclude that a pertur-
bative approach is valid up to N0 ≃ 200, and above this
value Eq. (27) has to be solved numerically (as shown
for the wavelength shift ∆λ in Fig. 3). It is interesting
to compare the result here obtained with a variational
calculation for the ground mode wave function, as re-
cently done in [36]; here the authors, including a contact
interaction, considered the energy functional
E[ψ(r)] =
∫
dr
[
~
2
2m
|∇ψ(r)|2 + 1
2
mΩ2r2|ψ(r)|2
]
+
g
2
∫
dr |ψ(r)|4 , (59)
and used a Gaussian trial wave function ψ(r) =
exp
(−r2/2a2) /√πa2, where r is the two dimensional po-
sition and a is the variational parameter; by using this
trial function in the energy functional (59) one can find
E(a) =
~
2N0
2ma2
+
1
2
mΩ2N0a
2 +
gN20
4πa2
, (60)
7and if (60) is minimized with respect to a one obtains
a(N0) = aos
(
1 +
g˜N0
2π
)1/4
, (61)
where g˜ = mg/~2 and aos =
√
~/mΩ. For small conden-
sate fraction one obtains
a(N0)
aos
≃ 1 + g˜N0
8π
. (62)
Both the variational method and perturbation theory
provide a very good description of the condensate waist
and wavelength shift for sufficiently small occupations
of the ground state. In Fig. 3 the condensate photon
wavelength shift computed by a numerical solution of the
local 2D GPE, by perturbation theory and by the vari-
ational approach are compared. The variational model,
however, does not consider the fact that the shape of
the wave functions changes with the nonlinearity; from
a Gaussian (unperturbed case) it gradually tends to the
Thomas-Fermi approximated wave function; the broad-
ening estimated by the perturbative approach here used
is then expected to better describe the broadening of the
wave function.
The predicted variation of the condensate diameter as
a function of the number of photons in the ground mode
for the values of the photon mass m and of the trap-
ping frequency Ω here considered is, however, quite small
since it varies from d ≃ 14.0µm when N0 → 0 (unper-
turbed case) to the value d ≃ 14.1µm when N0 ≃ 200.
This requires very precise measurements of the number
of photons on the ground mode, which might be the most
challenging issue, since large fluctuations of the conden-
sate fraction were observed [12].
V. NONLOCAL NONLINEARITY
When the nonlocal dependence of the index of refrac-
tion is considered in the wave equation, the two dimen-
sional Gross-Pitaevskii equation reads as
[
−1
2
(
∂2
∂u2
+
∂2
∂v2
)
+
1
2
(
u2 + v2
)
+N0
∫
du′dv′K (u, u′; v, v′)
∣∣∣E˜ (u′, v′)∣∣∣2] E˜(u, v) = ΛE˜(u, v) , (63)
where the dimensionless integral kernel is related to the
original one through
K(u, v) = −mc
2
n0
2k20
εξ2
K(u, v) . (64)
The local case is indeed obtained by considering
K(u, v) =
n2,NLξ
2
2D
δ(u) δ(v) . (65)
For all practical purposes, one can take the kernel to be a
localized function depending parametrically on a degree
of nonlocality σ which tends to the local case in the limit
σ → 0
K(u, v) =
n2,NLξ
2
2D
F (u, v;σ) , (66)
with the request that in the limit σ → 0 the local limit
is reached, then
lim
σ→0
F (u, v;σ) = δ(u) δ(v) . (67)
With this assumption, the dimensionless kernel can be
recast as
K(u, v) = g˜N F (u, v;σ) , (68)
where g˜N is the coupling constant given by (38). With
the definition (68) of the integral kernel, the nonlocal two
dimensional Gross-Pitaevskii equation (63) becomes
[
−1
2
(
∂2
∂u2
+
∂2
∂v2
)
+
1
2
(
u2 + v2
)
+ g˜NN0
∫
du′dv′ F (u− u′, v − v′;σ)
∣∣∣E˜ (u′, v′)∣∣∣2] E˜(u, v) = ΛE˜(u, v) . (69)
Equation (69) has been solved numerically for different
values of the coupling constant and the degree of nonlo-
cality by assuming a Gaussian kernel
F (u, v;σ) =
1
2πσ2
exp
(
−u
2 + v2
2σ2
)
, (70)
as detailed below. The temperature profile (18) as a func-
tion of the rescaled coordinates can be written as
∆T (u, v) = −n30
(
∂n0
∂T
)−1
~Ω
mc2
g˜NN0
×
∫
du′dv′ F (u− u′, v − v′;σ)
∣∣∣E˜ (u′, v′)∣∣∣2 . (71)
8As done for the local two dimensional Gross-Pitaevskii
equation (27), one can compare the numerical results
with a variational model, and with a perturbative one
for small nonlinearity, as discussed in the following sec-
tions.
A. Highly nonlocal response
When the kernel is taken to vary over a characteris-
tic length scale much larger than the dimension of the
ground mode electric field, the size of ground mode elec-
tric field is the smallest length scale of the system and
the electric field can be assumed to be a delta-like func-
tion centered at r = 0.[37] This implies that the index of
refraction (20) becomes
n(r) = n0 − 1
2
n2,Lr
2 +K(ε)(r)E , (72)
where the factor ε/2 arising from the electric field nor-
malization has been included in the definition of the ker-
nel without any loss of generality. Note that according
to (18) the kernel in this limit is closely related to the
temperature profile
∆T (r) ≃ E
(
∂n0
∂T
)−1
K(ε)(r) . (73)
The temperature profile is locally a parabola, and one
can approximate the index of refraction by
n(r) ≃ n0 − 1
2
n2,Lr
2 +
(
K
(ε)
0 +
1
2
K
(ε)
2 r
2
)
E . (74)
By introducing the shift of the eigenvalue
δΛ =
k20n
2
0
2ξ2

2K(ε)0
n0
E +
(
K
(ε)
0
n0
E
)2 , (75)
and a dimensionless, non unitary, trapping frequency
ω˜(E) =
√
1− K
(ε)
2
n2,L
E + K
(ε)
0
n0
E − K
(ε)
0 K
(ε)
2
n0n2,L
E2 , (76)
one can rewrite the wave equation in the form[
−1
2
(
∂2
∂u2
+
∂2
∂v2
)
+
ω˜2
2
(
u2 + v2
)]
E˜(u, v)
= (Λ + δΛ) E˜(u, v) . (77)
Equation (77) is actually equation (9) with the a non
unitary frequency and with a shift of the eigenvalue. Note
that both the dimensionless frequency and the shift of the
eigenvalue depend on the nonlinearity through K
(ε)
0 and
K
(ε)
2 . The condensate photon energy is
ǫq(E) = 1
∆(E)
[
mc2
n20
+ ~Ω(E)
]
, (78)
where the nonlinear trapping frequency is
Ω(E) = Ω ω˜(E) , (79)
and one defines
∆(E) = 1 + K
(ε)
0
n0
E + 1
2
(
K
(ε)
0
n0
E
)2
. (80)
The ground mode electric field is the Gaussian mode with
the waist
W (E) = W√
ω˜(E) . (81)
The two quantities K
(ε)
0 and K
(ε)
2 are related, through
(73), to the temperature profile; this can be assumed to
be a parabola
∆T (r) = ∆T0
(
1− r
2
R2
)
, (82)
where R is the characteristic length scale within which
the parabolic approximation is valid, e.g. of order of the
condensate dimension; this gives the two expressions
K
(ε)
0 =
∆T0
E
∂n0
∂T
K
(ε)
2 = −
2∆T0
ER2
∂n0
∂T
. (83)
For a defocusing effect, ∂n0/∂T < 0, one has K
(ε)
0 < 0
and K
(ε)
2 > 0, describing then a repulsive interaction be-
tween photons. By inspection of (79) and (81) one sees
that if the nonlinearity is increased, for example by in-
creasing the total energy on the ground mode, the trap-
ping frequency decreases. The condensate diameter, in
turn, tends to infinity, which is a consequence of the de-
crease of the trapping frequency, since for Ω = 0 one has
the case of free bosons, for which no BEC is expected in
two dimensions. The total energy on the ground mode
at which the trapping frequency vanishes can be referred
to as an evaporation energy, for by decreasing the trap-
ping frequency until it vanishes the condensate actually
evaporates; this energy is found to be
Eev = n2,L
K
(ε)
2
. (84)
However, this limit is non-physical since this model holds
provided that the dimension of the condensate electric
field is much smaller than the characteristic spatial exten-
sion of the kernel, hence we expect this model to be valid
for sufficiently small occupation number of the ground
mode.
B. Finite general nonlocal case
We here show two analytic results which can be ob-
tained by time-independent non degenerate perturbation
theory and by a variational approach (see also Appendix
A).
91. Variational method
In the variational case one assumes a form of the elec-
tric field
E˜(u, v) =
1√
πa2
exp
(
−u
2 + v2
2a2
)
, (85)
where a is the variational parameter. Let
∇˜ =
(
∂
∂u
,
∂
∂v
)
r˜ = (u, v) , (86)
then Eq. (69) is obtained from the functional
F
[
E˜
]
= N0
∫
dr˜
[
1
2
∣∣∣∇˜E˜ (r˜)∣∣∣2 + 1
2
r˜
2
∣∣∣E˜ (r˜)∣∣∣2]
+
g˜N
2
N20
∫
dr˜dr˜′
∣∣∣E˜ (r˜)∣∣∣2F (r˜− r˜′) ∣∣∣E˜ (r˜′)∣∣∣2(87)
with the constraint of the normalization of the electric
field, added with the inclusion of the Lagrange multiplier
Λ. One can verify that, with the kernel (70) and with
the electric field (85), the functional (87) reduces to a
function of the variational parameter
F(a) = N0
[
1
2a2
+
1
2
a2 +
g˜NN0
4π (a2 + σ2)
]
. (88)
By requiring that (88) is minimum with respect to a one
can see that the variational parameter, for a given value
of N0 and σ, has to be the solution to the equation
a4(N0)− 1 = g˜NN0 a
4(N0)
2π[a2(N0) + σ2]
2 , (89)
which correctly reduces to (61) for σ → 0. Once the be-
havior of the variational parameter is found, the eigen-
value Λ can be found with
Λ =
∫
dr˜ E˜ (r˜)H
[
E˜
]
E˜ (r˜) , (90)
being the electric field normalized to unity and
H
[
E˜
]
= −1
2
∇˜2+ 1
2
r˜
2+ g˜NN0
∫
dr˜′ F (r˜− r˜′)
∣∣∣E˜ (r˜′)∣∣∣2 ,
(91)
and then one finds
Λ(N0) =
1
2a2(N0)
+
1
2
a2(N0) +
g˜NN0
2π [a2(N0) + σ2]
. (92)
2. Perturbation theory
To obtain a prediction for the behavior of the eigen-
value and the waist in the limit of small nonlinearity one
can use time-independent non degenerate perturbation
theory. In the present case, the perturbation term is the
convolution between the integral kernel and the unper-
turbed ground mode (the Gaussian mode), which is
H′ =
∫
du′dv′ F (u− u′, v − v′;σ)
∣∣∣E˜0 (u′, v′)∣∣∣2
=
1
2π
(
1
2 + σ
2
) exp
{
− u
2 + v2
2
(
1
2 + σ
2
)
}
. (93)
The correction to the unperturbed eigenvalue is then
found
Λ(N0) = 1 + g˜NN0
〈
E˜0
∣∣∣H′ ∣∣∣E˜0〉 = 1 + g˜NN0
2π (1 + σ2)
.
(94)
To obtain the correction to the ground mode electric field
one can expand over the Laguerre-Gauss modes using the
cylindrical symmetry of the Hamiltonian operator (91);
one sees that only modes with l = 0 can be coupled, then
E˜(ρ, ϕ) = E˜0(ρ)− g˜NN0
∞∑
m=1
Vm0
2m
E˜m0(ρ, ϕ) , (95)
where the expansion coefficients are found by using the
explicit expression of the Laguerre polynomiaAppendix
Als
Vm0 =
〈
E˜m0
∣∣∣H′ ∣∣∣E˜0〉
=
1
π
(
1
2 + σ
2
) m∑
k=0
(−1)km! 2k
k! (m− k)!
[ 1
2 + σ
2
2 (1 + σ2)
]k+1
(96)
being H′ the perturbation Hamiltonian given by (93).
Note that in the limit σ → 0 the expansion coefficients
(96) reduce to (57) found in the local limit.
C. Numerical solution and comparison with
experiments
In Fig. 4 we report the wavelength shift ∆λ by nu-
merically solving Eq. (69) and Eq. (70), as detailed in
Appendix A. We compare the numerical results with the
variational and the perturbative approaches. In Fig. 5
we show the FWHM.
One can use the finite nonlocal model to fit the re-
ported experimental data, by using the coupling constant
g˜N and the degree of nonlocality σ as fit parameters. We
use the four experimental points in Ref. [3]. One can ob-
tain the FWHM d as a function of the number of photons
on the ground mode for a given set of g˜N and σ. For a
given numerical solution d (N, g˜N , σ) the best fit is found
by requiring the quantity
s =
1
M
M∑
i=1
|di (g˜N , σ)− yi|2 , (97)
is minimum with respect to the fit parameters; hereM =
4 is the number of experimental points, di (g˜N , σ) is the
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FIG. 4. (Color online) Condensate photon wavelength shift
as a function of the number of photons in the condensate ob-
tained by the numerical simulation of the nonlocal 2D GPE
(red full line) compared to the wavelength shift obtained by
perturbation theory (blue dotted line) and to the shift ob-
tained by the variational approach (green dashed line, see
Appendix A). This figure is obtained with g˜N = 7.5 × 10
−4
and σ = 0.23.
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FIG. 5. (Color online) Experimental points (courtesy of
Jan Klaers and Martin Weitz) of the condensate diameter
(FWHM) as a function of the number of photons on the
ground mode; the data are fitted with the numerical solution
of the local 2D GPE (blue dotted line) with g˜N = 7.5× 10
−4
and with the numerical solution of the nonlocal 2D GPE with
finite nonlocality (red full line) given by Eq. (69) by consider-
ing the kernel as in Eq. (70) and with g˜N = (7.5±0.1)×10
−4
and σ = (0.23± 0.02). A quantitative analysis of the two fits
shows that the nonlocal solution provides the best fit.
numerical value of the FWHM for Ni photons and {y}i
are the experimental values of the FWHM. The best fit
is found for the following values of the fit parameters
g˜N = (7.5± 0.1)× 10−4 σ = (0.23± 0.02) . (98)
The determined best fit is reported in Fig. 5 where
the experimental data (courtesy of Jan Klaers and Mar-
tin Weitz) are fitted with a local fit (dotted line) with
g˜N = 7.5× 10−4 and with the best fit given by the non-
local model (full line). With this result one can conclude
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FIG. 6. (Color online) Radial temperature profile, expressed
in Kelvin, as a function of the radial coordinate given in
units of aos =
√
~/mΩ ≃ 7.8µm with the given param-
eters, obtained by the numerical solution of the nonlocal
2D GPE by using (71). In the simulation the kernel was
normalized to g˜N (with the fit parameters estimated after
the best fit in Fig. 5) and the proportionality constant
was taken to be C = n30|∂n0/∂T |
−1
~Ω/mc2 ≃ 0.22K since
Ω = 2.6 × 1011 rad/s, m = 6.7 × 10−36 kg and n0 = 1.33,
∂n0/∂T = −4.86 × 10
−4K−1 (methanol [38]) were used in
the simulation. The temperature profile is here given for four
values of the number of photons, corresponding to the occu-
pancies at which the experimental data fitted in Fig. 5 were
taken.
N0 ∆T peak (K) ∆T waist (µm)
600 0.03 8.39
3500 0.14 8.89
10000 0.30 9.75
40500 0.68 12.2
50000 0.76 12.7
TABLE I. Estimated peak and waist of the temperature pro-
file by the numerical simulation; data from N0 = 600 to
N0 = 40500 are the ones used in Fig. 5 and Fig. 6.
that the nonlocal model here proposed gives a better de-
scription of the data compared to the local model, which
implies that nonlocal effects could have been present in
the performed experiment.
From the numerical simulation also the temperature
profile can be determined by using (71). The estimated
temperature profiles for four different values of the num-
ber of photons on the ground mode are shown in Fig. 6
and the corresponding estimated values of the peak and
the waist are tabulated in Table I. For small nonlinear-
ity the wave function slightly deviates from a Gaussian
form, then the temperature profile for small nonlinearity
is also Gaussian:
∆T (r) ≃ C
2π
(
g˜NN
1
2 + σ
2
)
exp
{
− r
2
2
(
1
2 + σ
2
)
}
, (99)
being r the radial coordinate in units of aos =
√
~/mΩ.
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VI. CONCLUSIONS
In this manuscript we have theoretically investigated
Bose-Einstein condensation of photons. With respect to
the previous analyses, we considered an equivalent setup
given by a dye-doped GRIN lens placed between two pla-
nar mirrors. We predict a variation of the condensate
wavelength, which was not observed in the experiment
so far. This variation, however, is of the order of 0.1 nm
(for large condensate fraction), which could have been
actually below the experimental sensitivity, and masked
by mechanical instabilities, and thus not observable.
We have analysed the possible role of nonlocal non-
linearities present in the case of thermo-optical effects.
We first consider an highly nonlocal response and con-
clude that this model is valid if the occupation number
of the ground mode is such that the condensate diam-
eter remains sufficiently close to the linear value. For
larger values of the diameter, a finite degree of nonlo-
cality has to be considered. Indeed, the highly nonlocal
model, for the reported experiment, does not provide a
proper description of the experimental data. A finite non-
local model leads us to conclude that the best description
of the experimental data is given by the parameters esti-
mated after Eq. (98).
In conclusion, we believe that the analysis here re-
ported indicates a role of nonlocality in the BEC of pho-
tons. A rigorous nonlocal model should account the com-
plete thermal properties of the optical device used, which
means that the true form of the Green function in Eq.
(20) obtained by solving the Cauchy problem (17) with
proper boundary conditions should be determined. This
issue will be considered in future work.
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Appendix A: Numerical simulation of the nonlocal
2D GPE
1. Convolution in cylindrical coordinates
To simulate the two dimensional Gross-Pitaevskii
equation the convolution between the integral kernel and
the wave function has to be written in cylindrical coor-
dinates too. Letting
K(r) = K0e
−r2/2σ2 , (A1)
then the convolution between the kernel and a function
f(r) is
(K ∗ f)(r) =
∫
dRK (r−R) f (R)
= K0
∫
dR e−|r−R|
2/2σ2f (R) , (A2)
which gives by setting (K ∗ f)(r) ≡ G(r)
G(r) = K0e
−|r|2/2σ2
∫
dR e−|R|
2/2σ2er·R/σ
2
f (R)
= K0e
−|r|2/2σ2
∫
dR e−|R|
2/2σ2e|r||R| cos(θ)/σ
2
f (R)
where θ is the angle between r and R, and turning to
cylindrical coordinates, letting the function f be only a
function of the radial coordinate, one finds
G(r, ϕ) = K0e
−r2/2σ2
∫ ∞
0
dRRe−R
2/2σ2f(R)
×
∫ 2pi
0
dΦ erR cos(Φ−α)/σ
2
, (A3)
and here α is the angle between r and the x axis; by
rewriting the angular part in terms of the relative an-
gle θ = Φ − α and using the fact that the function
erR cos(θ)/σ2 is a periodic function (with period 2π) the
angular integral is∫ 2pi
0
dθ erR cos(θ)/σ
2
= 2
∫ pi
0
dθ cosh
[
rR cos(θ)
σ2
]
= 2πI0
(
rR
σ2
)
, (A4)
where I0(z) is the modified Bessel function of order zero,
which can be defined by the integral representation
I0(z) =
1
π
∫ pi
0
dθ e±z cos(θ) =
1
π
∫ pi
0
dθ cosh [z cos(θ)] .
(A5)
The convolution in cylindrical coordinates for a cylindri-
cally symmetric function can be then written as
G(r) = 2πK0e
−r2/2σ2
∫ ∞
0
dR I0
(
rR
σ2
)
Re−R
2/2σ2f(R)
It can be rewritten in a discrete form; let h be the spatial
step, then one finds
Gm = 2πK0e
−r2
m
/2σ2h
∑
n
Imnrne
−r2
n
/2σ2fn . (A6)
With the expression of the convolution in cylindrical co-
ordinates the nonlocal Gross-Pitaevskii equation in two
dimensions can be simulated as it will be shown in the
following section.
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2. Nonlocal 2D GPE in cylindrical coordinates
The Gross-Pitaevskii equation in two dimensions in
dimensionless coordinates considering an isotropic har-
monic potential is[
−1
2
∇2 + 1
2
r
2 +N0
∫
dRK(r−R)ψ2(R)
]
ψ(r)
= µψ(r) , (A7)
and using the expression of the convolution in cylindri-
cal coordinates the 2D GPE in cylindrical coordinates
becomes
[
−1
2
(
d2
dr2
+
1
r
d
dr
)
+
1
2
r2 + 2πN0K0 exp
(
− r
2
2σ2
)∫ ∞
0
dR I0
(
rR
σ2
)
R exp
(
− R
2
2σ2
)
f2(R)
]
f(r) = µf(r) , (A8)
where the Gaussian kernelK(r) = K0 exp
(−r2/2σ2) was
used; note that if the kernel is normalized to the value
of g˜, in the limit σ → 0 the local two dimensional Gross-
Pitaevskii equation is obtained. The nonlocal 2D GPE
has to be written in its discretized form, and by intro-
ducing a ground wave function χ and the correction ϕ to
the wave function f = χ + ϕ one can find the equation
for the correction Aϕ = b, where we define the matrix
A (µ ≡ E)
Amn = Hmn − δmnE
+ 4πN0K0h exp
(
−r
2
m + r
2
n
2σ2
)
Imnrnχmχn
+ 2πN0K0h δmn exp
(
− r
2
n
2σ2
)
Bn , (A9)
the vector b
bm = Eχmn −
∑
n
Hmnχn
− 2πN0K0h exp
(
− r
2
m
2σ2
)
χmBm , (A10)
and finally
Bm =
∑
p
Imprp exp
(
− r
2
p
2σ2
)
χ2p , (A11)
where H is the unperturbed Hamiltonian
H = −1
2
(
d2
dr2
+
1
r
d
dr
)
+
1
2
r2 . (A12)
The correction is found with ϕ = A−1b.
3. Perturbation theory and variational approach in
the nonlocal case
The numerical results can be compared to what can be
predicted by time-independent non degenerate pertur-
bation theory (small nonlinearity) and by a variational
method; perturbation theory provides the expression for
the chemical potential and the wave function. The ex-
pression of the chemical potential is found to be given
by
µ(N) = 1 +
gNK0σ
2
1 + σ2
, (A13)
and the expression of the wave function is
ψ(r, ϕ,N) = ψ0(r) − gN
∞∑
m=1
Vm0
2m
ψm(r, ϕ) , (A14)
where the expansion coefficients are given by
Vm0 =
2K0σ
2
1
2 + σ
2
m∑
k=0
(−1)km! 2k
k! (m− k)!
[ 1
2 + σ
2
2 (1 + σ2)
]k+1
(A15)
being ψm0 the Laguerre-Gauss modes with l = 0. The
variational approach gives a good estimation of the waist
of the wave function, and uses a variational wave function
ψ(r) =
1√
πa2
e−r
2/2a2 , (A16)
where a is the variational parameter, in the energy func-
tional
E[ψ] = N
∫
dr
[
1
2
|∇ψ(r)|2 + 1
2
r
2|ψ(r)|2
]
+
g
2
N2
∫
drdr′K (r− r′ ) |ψ(r)|2|ψ (r′ )|2 ,
from which one can obtain the expression of the energy
as a function of the variational parameter
E(a) = N
[
1
2a2
+
1
2
a2 +
N
2
K0σ
2
a2 + σ2
]
, (A17)
and if this is minimized with respect to a one sees that
the variational parameter, for a given value of N and σ,
has to satisfy the equation
a4 − 1 = NK0σ
2a4
(a2 + σ2)2
. (A18)
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Note that if the kernel normalization and the nonlocal-
ity are not independent (which means that the kernel is
normalized to g, K0 = g/2πσ
2) the results for σ = 0 are
the ones obtained for the local 2D GPE, and for σ →∞
the results are independent of N since in this limit the
kernel tends to zero.
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